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The properties of the singlet ion distributions at and around contact in a restricted primitive
model double layer are characterized in the modified Poisson–Boltzmann theory. Compari-
sons are made with the corresponding exact Monte Carlo simulation data, the results from
the Gouy–Chapman–Stern theory coupled to an exclusion volume term, and the mean
spherical approximation. Particular emphasis is given to the behaviour of the theoretical
predictions in relation to the contact value theorem involving the charge profile. The simul-
taneous behaviour of the coion and counterion contact values is also examined. The perfor-
mance of the modified Poisson–Boltzmann theory in regard to the contact value theorems is
very reasonable with the contact characteristics showing semi-quantitative or better agree-
ment overall with the simulation results. The exclusion-volume-treated Gouy–Chapman–
Stern theory reveals a fortuitous cancellation of errors, while the mean spherical approxima-
tion is poor.
Keywords: Electric double layer; Contact value theorems; Density profile; Charge profile;
Monte Carlo.

Alongside exact numerical simulations, exact analytical conditions are in-
valuable in statistical mechanics of Coulomb fluids in comparative assess-
ment of different theories and/or further theoretical development. These
exact conditions can also help provide additional, useful checks on the
consistency of simulations. One such condition in the electric double layer
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phenomenon is our principal concern in this paper. An electric double
layer is formed when a charged electrode is brought in contact with a
charged fluid and an ionic atmosphere develops in the vicinity of the elec-
trode. The phenomenon has practical significance for a spectrum of sys-
tems in biology and industrial chemical processes. For a very recent review
of aspects of the electric double layer theory, see ref.1

The analytical conditions we are interested in involve the contact values
of the electrode-ion distributions in a planar geometry, that is, a planar
double layer. One condition, formulated by Henderson and Blum2, and
Henderson, Blum and Lebowitz3 (HBL) over thirty years ago, gives an ex-
pression for the contact value of the density profile in such a situation. For
a primitive model (PM) planar double layer (spherical rigid ions of arbitrary
diameters and charge moving in a dielectric continuum (solvent) next to a
uniformly charged flat electrode), the condition reads

ρ σ
ε εs s s

s B r B

( / 2)g d
p

k T k T∑ = +
2

02
. (1)

Here ρs, ds and gs are, respectively, the average number density, the dia-
meter and the electrode-ion distribution function of ionic species s, p is
the bulk osmotic pressure and σ is the uniform surface charge density on
the electrode with ε0 and εr, respectively, being the vacuum permittivity
and relative permittivity of the solvent. Also, kB is the Boltzmann constant
and T the absolute temperature. The relation was derived from force bal-
ance considerations at the electrode–electrolyte interface. It is local, easy to
implement and, as a consequence, has been useful in checking theoretical
descriptions of the electric double layer over the past three decades1.

The other, relatively recent condition concerns the contact value of
the charge profile in the planar double layer. This was derived by Holovko,
Badiali and di Caprio4,5 (HBC), and Holovko and di Caprio6 starting from
the Bogoliubov–Born–Green–Yvon (BBGY) hierarchy of equations7. For
a double layer containing a restricted primitive model (RPM) electrolyte
(the ions of the PM are now restricted to having a common diameter), and
for symmetric valency salts – our interest in this paper, their relation is par-
ticularly simple, viz.,

g d z g x
x

x
x

d
diff sume

d ( )
d

d( / ) ( )
/

2
2

= −
∞

∫β ψ
(2)

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 4, pp. 425–446

426 Silvestre-Alcantara, Bhuiyan, Outhwaite, Henderson:



where gsum(x) = (1/2)(gctr(x) + gco(x)), gdiff(x) = (1/2)(gctr(x) – gco(x)), the sub-
scripts ‘ctr’ and ‘co’ denoting counter- and coions, respectively. The quan-
tity ψ(x) is the mean electrostatic potential at a perpendicular distance x
from the planar electrode, e is the elementary charge, β = 1/(kBT), d is the
common ion diameter, and z the absolute value of the ion valency. Note
that gsum(x) and gdiff(x) are related to the total density and charge profiles
through ρ(x) = ρgsum(x) and q(x) = –zeρgdiff(x) with ρ = ∑sρs. In contrast to
the HBL contact condition the above relation is non-local and requires, for
its implementation, a full knowledge of the potential and density profiles
across the double layer. It is worth mentioning here that a non-rigorous,
non-local relation for gdiff(d/2) has also been proposed by Henderson and
Bhuiyan8.

Simultaneously, a further empirical local contact condition for gdiff(d/2)
has been advanced by Henderson and Boda9 (HB), viz.,

gdiff (d / 2) = ab (3)

for small b. Here a = p/(ρkBT) is the bulk osmotic coefficient, b = zeσ/(ε0εrkBTκ)
is a dimensionless parameter, and κ is the Debye–Hückel constant, κ =

z k T2 2
0e r Bρ ε ε/ . This was obtained primarily through intuition while

examining Monte Carlo (MC) simulation data10. Details of the steps leading
to Eq. (3) have been given in refs8,11,12. Some of us have been involved in
assessing both these local and non-local relations using MC simulation
data8,11–13. What emerged was a wealth of evidence encompassing a host of
physical states, which suggest the Eq. (3) to be remarkably accurate and per-
haps exact as b → 0. Theoretical support came from the modified Poisson–
Boltzmann (MPB) theory, which predicted results for some 1:1 and 2:2
valency13 electrolytes. In a later analysis involving 2:1/1:2 valency electro-
lytes, both MC simulations and the MPB theory results further testified to
the validity of the HB contact condition14.

The situation was somewhat different with the HBC contact formula
(Eq. (2)). Because of the non-local nature of this relation and inherent scat-
ter in the MC simulation data, it was difficult to obtain accurate results
through numerical integrations8. Nonetheless, within the numerical limita-
tions, the broad conclusion was that the simulations were consistent with
the HBC expression. However, a direct relationship between Eqs (2) and (3)
remains elusive.

The seminal classical Gouy–Chapman–Stern15–17 (GCS) theory of the dou-
ble layer satisfies all of the above contact value theorems but with the ca-
veat a = 1. This simply states the fact that the point ions in this theory
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behave like an ideal gas with no correlations among them. As indicated pre-
viously, of the formal theories the MPB was seen to satisfy the HBL contact
condition to a very good degree although a limited number of states was
probed13. There is evidence from earlier MPB studies18 that the MPB a cal-
culated through Eq. (1) at b = 0 shows a good consistency with the corre-
sponding bulk osmotic coefficients.

In the light of these encouraging results, it is tempting to try and investi-
gate further how the MPB theory fares with regard to the contact value the-
orems over a broader range of physical states. In particular, it would be
useful and of interest to see how well the theory satisfies the HBC contact
value theorem, which has not been attempted to date. This is the focus of
this paper. Besides the contact theorems, Eqs (2) and (3), we will also look
at other contact quantities, viz., gco(d/2) and gctr(d/2) to obtain a compre-
hensive picture. Previous works8,19 suggested a global view is necessary ra-
ther than focus on individual quantities. Two other theories, an exclusion-
volume-corrected GCS theory and the mean spherical approximation will
also be considered. We will also supplement the theoretical calculations
with fresh MC simulations of more states.

MODEL AND METHODS

We will be employing the restricted primitive model of planar double layer
as the model system throughout this work. We will also confine our atten-
tion, in general, to binary, symmetric z:z valency electrolytes in water-like
solvent. The relative permittivity of the medium of the electrode is taken to
be the same as that of the solvent so that no polarization charges occur at
the interface. In this model, the HBL contact formula assumes the simple
form

g d a
b

sum ( / )2
2

2

= + . (4)

Thus, gsum(d/2,b = 0) = a gives the osmotic coefficient of the bulk fluid, and
hence is a measure of the internal consistency of a theory. In the earlier
works Henderson and Bhuiyan12 and Bhuiyan et al.13 found it convenient
to use the HB condition (Eq. (3)) by writing it in the form

lim
( / , )

b

g d b

b
a

→
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2diff . (5)
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We will follow the same convention here.
To treat the HBC contact condition, we consider the identity

d
d

e
d
dx

g g
x

z g z g G( ) ( )+ − + + − −− = − − +β ψ
(6)
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Here zs = z+ or z– is the valency of a cation or anion, with g+ and g– the cor-
responding cation and anion singlet distribution functions. Equation (6) is
equivalent to Eq. (9) of ref.4, while for the GCS closure we have that G = 0.
Integrating Eq. (6) for a z:z salt, we have
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so that the integral of G gives the deviation or correction to the Holovko
et al. result for an approximate theory. From Eq. (6) we can deduce that the
HBC contact condition always holds for the GCS theory.

The Modified Poisson–Boltzmann and the Exclusion-Volume-Corrected
Gouy–Chapman–Stern Theories

The MPB formalism in the electric double layer theory is an electrostatic
potential energy approach that endeavours to incorporate the principal fea-
tures neglected in the traditional GCS theory, namely, the fluctuation po-
tential and an ionic exclusion volume term (EVT). To date, the MPB
approach remains one of the more successful statistical mechanical theories
of the double layer in planar1,20, spherical21, and cylindrical22 geometries.
The MPB theory utilized in this work is at the MPB5 level, which is pres-
ently the most accurate formulation of the theory. Its development has
been detailed elsewhere in the literature (see, for example, ref.23) and will
not be repeated here.

Another theory used here is the exclusion-volume-corrected GCS theory.
A class of such exclusion-volume-treated mean field theories forms the ba-
sis of the lattice-gas Poisson–Boltzmann theories and can be useful in physi-
cal situations where steric effects are dominant (see, for example, ref.24). In
the present context, if we neglect the fluctuation potential term in the MPB

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 4, pp. 425–446

A Modified Poisson-Boltzmann Study 429



theory, what remains is the GCS theory but with an added exclusion vol-
ume term. For example, we have the Poisson equation for ψ(x),

d

d
e

(x)
2

r
s s s

s

ψ
ε ε

ρ( )x

x
z g

2
0

= − ∑ (9)

where the electrode-ion distribution function gs(x) is now given by

g x x z xs s se( ) ( )exp( ( ))= −ξ β ψ . (10)

The exclusion volume term ξs(x) used here was developed from the BBGY
hierarchy of equations25, viz.,
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where H(x) is the Heaviside function or unit step function, and ξ = ξs for
a z:z RPM electrolyte. In the rest of the paper the theory specified by
Eqs (9)–(11) will be denoted by GCS+EVT. An alternative form of the exclu-
sion volume term was developed by Outhwaite and Lamperski26, which in
many instances gave similar results as that with Eq. (11)27,28. From Eq. (8),
we have found that the GCS+EVT theory deviation from the HBC contact
condition is

1
2 2 2

G x g x
x

x
x

z x
d d

d
dln
d

d
d
d

sinh( e )ddiff
/ /

( )
∞ ∞
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d/2

∞

∫ . (12)

When b = 0, ξ(d/2) is the BBGY uncharged hard sphere–hard wall singlet
distribution function gBBGY(d/2), so

gsum(d / 2) = a = gBBGY(d / 2) . (13)

The Mean Spherical Approximation

The mean spherical approximation (MSA) for the RPM planar double layer
was developed by Blum29. Its chief advantage is that it affords analytical ex-
pressions for the contact quantities, the potential, and the density profiles,
which makes the theory very easy and convenient to use. For example, for
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a binary charge and size symmetric electrolyte, the contact values of the
electrode-ion distributions are given by

gco(d / 2) = gPY(d / 2) – b (14)

gctr(d / 2) = gPY(d / 2) + b . (15)

Here gPY(d/2) is the contact value of the uncharged hard wall–uncharged
hard sphere distribution in the Percus–Yevick (PY) theory

gPY(d / 2) =
1 2

1 2

+
−

η
η( )

(16)

with η = (π/6)ρd3 being the packing fraction of all ions. From Eqs (14) and
(15) we have immediately

gsum(d / 2) = gPY(d / 2) (17)

gdiff(d / 2) = b . (18)

These equations imply that neither of gsum(d/2) and gdiff(d/2)/b, has any
b dependence to linear order. It is further noted that Eq. (18) suggests that
the MSA satisfies the HB condition (Eq. (5)) with a = 1, although from
Eq. (17), gsum(d/2,b = 0) ≠ 1.

The disadvantage of the MSA is that it is a linear theory valid only in the
neighbourhood of zero surface charge.

Monte Carlo Simulations

The MC simulations were done in the canonical ensemble following similar
procedure as in earlier cases11–14. The main features were (i) the use of paral-
lel charged sheets method, pioneered by Torrie and Valleau30, to incorporate
the long-range nature of the Coulomb interactions, and (ii) the adjust-
ments in the length of the central rectangular parallelopiped MC cell per-
pendicular to the electrode until the target bulk concentration was reached.
The number of configurations sampled were typically of the order 108 out
of which the first 107 were used to equilibrate the system. The statistical
uncertainty in reproducing the bulk target concentration was about ±5%.

Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 4, pp. 425–446

A Modified Poisson-Boltzmann Study 431



RESULTS

All simulations and the theoretical calculations were done at the fixed ionic
diameter d = 4.25 × 10–10 m and fixed relative permittivity εr = 78.5, which
corresponds to a water-like solvent. The MPB and the GCS+EVT equations
were solved numerically using a quasi-linearization iterative technique31. It
is convenient to discuss results in terms of universal reduced parameters,
viz., the reduced density ρ* = ρd3 and the reduced temperature T* =
4πε0εrdkBT/(z2e2). Note that the reduced temperature is the reciprocal of the
commonly used plasma coupling parameter. While the value of z was 1 or 2
corresponding to 1:1 or 2:2 valency electrolytes, the ranges of ρ* and T*
encompassed 0.00463 < ρ* < 0.1 (corresponding to 0.05 < c < 1.08, c being
the electrolyte concentration in mol/dm3), and 0.15 < T* < 0.60. We note
that although at the given d and εr, T* = 0.15 corresponds to T ~ 75 K, a low
temperature for a 1:1 electrolyte, T* = 0.15 corresponds to T ~ 300 K, room
temperature for a 2:2 electrolyte.

The results of this work are shown in Figs 1–10 for different physical
states of our model system. In each figure, the quantities gdiff(d/2,b)/b,
Gint/b, gco(d/2,b) and gctr(d/2,b) are plotted in the panels a, b, c and d,
respectively. Gint is defined from Eq. (8) as Gint = (1/2) G

d/2

∞

∫ dx. We have not
shown the gsum(d/2,b) because (i) at large b it has the well-known parabolic
dependence on b and any decent theory, including the GCS theory, shows
this; (ii) at small b, gco(d/2,b) and gctr(d/2,b) are of comparable magnitudes
so that a good idea of gsum(d/2,b) can be had simply by examining gco and
gctr; (iii) some results presented elsewhere11,32. The MSA results have not
been plotted. Our calculations have shown that for the range of physical
parameters treated the MSA gco(d/2,b) < 0 beyond b ~ 1, leading to non-
physical values of all the contact quantities. Within b < ~1, the MSA results
are either linear (gco(d/2,b) and gctr(d/2,b)), or constants (gdiff(d/2,b)/b and
Gint), and are therefore featureless and of limited usefulness. For the pur-
poses of this discussion we will denote the left-hand side of Eq. (2) by
HBC+MPB or HBC+(GCS+EVT) gdiff(d/2,b) when these theories are used to
evaluate the right-hand side integral, and simply MPB or GCS+EVT
gdiff(d/2,b), respectively, when computed directly from the solution of these
equations.

The inexactness of MPB a leads to very small deviations seen in MPB
gdiff(d/2,b) at and around b = 0 relative to the simulations in panels a of the
figures. In most cases the deviations are imperceptible increasing slightly
with increasing electrolyte density and/or decreasing temperature. The ap-
proximate value of MPB a can be traced to an approximate treatment of the
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FIG. 1
The gdiff(d/2,b)/b (a), Gint/b (b), gco(d/2) (c), and gctr(d/2) (d) as functions of b at reduced density
ρ* = 0.00925 and reduced temperature T* = 0.60 (1:1 valency, c = 0.1 mol/dm3, T = 298 K). MC
data, symbols; MPB results, solid line; GCS+EVT results, dashed line; HBC+MPB results, dotted
line; HBC+(GCS+EVT) results, dash-dotted line. In panel a, the solid black circle on the vertical
axis is the MC value of a = gsum(d/2,b = 0)
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FIG. 2
As in Fig. 1, but at reduced density ρ* = 0.0925 and reduced temperature T* = 0.60 (1:1 va-
lency, c = 1 mol/dm3, T = 298 K)
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FIG. 3
As in Fig. 1, but at reduced density ρ* = 0.00462 and reduced temperature T* = 0.15 (2:2 va-
lency, c = 0.05 mol/dm3, T = 298 K)
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FIG. 4
As in Fig. 1, but at reduced density ρ* = 0.0462 and reduced temperature T* = 0.15 (2:2 va-
lency, c = 0.5 mol/dm3, T = 298 K)
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FIG. 5
As in Fig. 1, but at reduced density ρ* = 0.02 and reduced temperature T* = 0.15 (1:1 valency, c =
0.216 mol/dm3, T = 75.14 K)
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FIG. 6
As in Fig. 1, but at reduced density ρ* = 0.10 and reduced temperature T* = 0.15 (1:1 valency, c =
1.08 mol/dm3, T = 75.14 K)
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FIG. 7
As in Fig. 1, but at reduced density ρ* = 0.00925 and reduced temperature T* = 0.20 (1:1 va-
lency, c = 0.1 mol/dm3, T = 100.18 K)
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FIG. 8
As in Fig. 1, but at reduced density ρ* = 0.0925 and reduced temperature T* = 0.20 (1:1 va-
lency, c = 1 mol/dm3, T = 100.18 K)

g d
iff

(d
/2

,b
)/

b
G

in
t/

b
g C

O
(d

/2
)

g c
tr
(d

/2
)

b



Collect. Czech. Chem. Commun. 2010, Vol. 75, No. 4, pp. 425–446

A Modified Poisson-Boltzmann Study 441

FIG. 9
As in Fig. 1, but at reduced density ρ* = 0.0925 and reduced temperature T* = 0.30 (1:1 va-
lency, c = 1 mol/dm3, T = 150.27 K)
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FIG. 10
As in Fig. 1, but at reduced density ρ* = 0.0925 and reduced temperature T* = 0.40 (1:1 va-
lency, c = 1 mol/dm3, T = 200.36 K)
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fluctuation potential in the MPB formulation23. This in turn implies that al-
though the HBC contact formula, Eq. (2), is exact, the same equation with
the MPB gsum(x) and dψ(x)/dx in the integrand (on the right-hand side) is
not. Hence, the differences between the MPB gdiff(d/2,b) and HBC+MPB
gdiff(d/2,b) seen in panels a, with the latter being generally smaller than the
former. Again these differences are small at low electrolyte densities around
room temperature and increasing at high densities and/or low temperatures
(Figs 2–4, 6, 8–10). An alternative way of analyzing these differences is
through the quantity Gint, which is shown in panels b of the figures. The
MC values shown here were evaluated using the earlier simulation
data8,11,12 and fresh simulation data in the integral of Eq. (7). Not unexpect-
edly, the MC data tend to cluster around the baseline Gint = 0, with the
MPB |Gint| remaining small overall. The simulation results reinforce what
Henderson and Bhuiyan8 observed earlier, that within the statistical and
numerical constraints, these results are consistent with the HBC contact
condition.

A feature of the present results is the consistency between the GCS+EVT
gdiff(d/2,b) and the HBC+(GCS+EVT) gdiff(d/2,b) and the good agreement
with the simulations. This arises because of the closeness of the GCS+EVT
theory, to that of GCS, as GCS satisfies the HBC condition exactly. For the
densities and b considered in the figures, the largest value of ξ(d/2) is ap-
proximately 1.2 (Fig. 6, ρ* = 0.10), while ξ(x) rapidly tends to unity away
from the electrode. Taken at face value this agreement with HBC and simu-
lation may be misleading. The contact values gco(d/2,b) and gctr(d/2,b) at
small b are poor, this being clearly visible in panels c for gco(d/2,b). Because
of the scale used in panels d such differences get masked. Neglecting the
fluctuation potential means that just having the exclusion volume term
leads to an overestimation of the required correction to the GCS theory.
As b increases, the volume term becomes increasingly important, and at
large b the GCS+EVT gctr(d/2,b) can be in better agreement with simulation
than the MPB gctr(d/2,b). The features shown in panels c and d are in con-
trast to the results of panels a and b, and clearly suggest some cancellation
of errors. Indeed, similar error cancellations in applications of the mean
field Poisson–Boltzmann theory in polyelectrolyte literature have long been
known. We refer the reader to ref.33 for a recent account.

The MPB gco(d/2,b) and gctr(d/2,b) are seen to display reasonable consis-
tency with the simulations in panels c and d of the figures. In the earlier re-
ported analysis of the HBC condition using MC data, one conclusion that
Henderson and Bhuiyan8 reached is the fact that it is important that both
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gdiff(d/2,b) and gco(d/2,b) be examined simultaneously. This is because at
large b the gdiff(d/2,b) and gctr(d/2,b) are similar, both being parabolic in b,
and can be seen in the figures. Thus, gco(d/2,b) = gsum(d/2,b) – gdiff(d/2,b),
being the difference of two large numbers, provides a check of the MC re-
sults as it must tend to zero at large b. Both the GCS+EVT and MPB theories
satisfy this property.

CONCLUSION

The emphasis in this paper has been on a systematic scrutiny of the contact
characteristics of the MPB singlet distributions in a RPM planar double
layer with special reference to the HBC contact value theorem. Earlier work
has shown the MPB theory does not satisfy the HBL contact formula ex-
actly11,18,32, in that the MPB a is not being fully consistent with the bulk
osmotic coefficient, which is due to an approximate treatment of the fluc-
tuation potential in the theory. This may well explain why the theory does
not satisfy the empirical HB condition. These features notwithstanding,
past13 and present calculations clearly indicate that the deviations in the
MPB predictions from the HBL and HB relations are minimal for symmetric
valency electrolytes in the electrolyte solution regime at room temperature
even at a respectable 1 mol/dm3 concentration (cf. Fig. 1 of ref.13). The de-
viations are still small for asymmteric 2:1/1:2 salts at room temperature up
to about ~1 mol/dm3 (cf. Figs 1–3 of ref.14).

With regard to the HBC contact theorem, the non-local nature of the
relation makes its use seemingly less straightforward. Being an approximate
theory the MPB is not expected to satisfy the relation exactly. However, the
trends seen here are consistent with that seen earlier with the deviations in-
creasing with concentration and/or lowering of the temperature. The gen-
eral picture that emerges when one takes into account the gco(d/2) and
gctr(d/2) shows the MPB contact behaviour to be very reasonable relative to
the simulation data.

The good consistency shown by the GCS+EVT theory with the HBC and
HB expressions is due to its close affinity to the GCS theory, which satisfies
these conditions. At low b the GCS+EVT contact values of the singlet distri-
bution functions are in relatively poor agreement with simulation, but im-
prove at larger b. Also the GCS+EVT value of a = gBBGY(d/2) differs from the
GCS value of unity. Thus the GCS+EVT agreement with these contact con-
ditions indicates some cancellation of errors. The MSA, on the other hand,
is limited to small values of b beyond which non-physical results occur for
the contact quantities.
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Detailed contact analysis of other statistical mechanical theories of the
double layer is lacking. The present work suggests it would be of interest to
see, for example, how well the hypernetted chain and density functional
theories satisfy the HBC and HB contact conditions.
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